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Some arithmeti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by
Leonardo Zapponi
Abstrat.  In this paper, we desribe some arithmeti properties of Lamé operators with nite
dihedral projetive monodromy. We take advantage of the deep link with Grothendiek's theory of
dessins d'enfants, following [9, 10℄. We fous more partiularly on the ase of projetive monodromy
of order 2p, where p is an odd prime number.
Introdution
Lamé operators are a partiular lass of seond order Fushian dierential operators on the
projetive line. In some speial ases, they admit a omplete system of algebrai solutions, i.e.
they have a nite monodromy. This last question has been intensively studied by F. Baldassarri,
B. Chiarellotto, B. Dwork and more reently by F. Beukers, S. Dahmen, R. Liµanu, A. van der
Waall. It turns out that there are nitely many equivalene lasses of operators with xed nite
monodromy group and that these are automatially dened over a number eld. In partiular,
there is a well dened ation of the absolute Galois group on these objets. The enumeration of
Lamé operators with nite (projetive) monodromy has been one of the main motivations in this
topi. Reently, a deep link with Grothendiek's theory of dessins d'enfants appeared; this point of
view has been suesfully adopted by R. Liµanu in [9, 10℄, allowing an expliit and ombinatorial
enumeration (see also [6℄).
In this paper, we fous on the ase of Lamé operators with exponent n = 1 having nite
dihedral projetive monodromy group. In 1 we give some basi denitions, by introduing the
eld of moduli of a Lamé operator, whih is the smallest eld of denition and is invariant under
equivalene. In 2, we translate a riterion of F. Baldassarri [2℄ in terms of generalized jaobians.
This riterion asserts that the existene of a Lamé operator with dihedral monodromy of order 2N
is related to the existene of a 2N -torsion point on an ellipti urve with some extra properties.
In 3, inspired by the work of R. Liµanu, we briey desibe the orrespondene between the
set of Lamé operators with dihedral monodromy and a partiular lass of dessins d'enfants. We
then give two diret appliations, namely the niteness of the set of equivalene lasses of Lamé
operators with xed projetive monodromy and the fat that the elds of moduli of suh operators
are number elds. In 4 we prove, following a elebrated result of L. Merel [12℄, that there exist
nitely many equivalene lasses of Lamé operators with dihedral monodromy and eld of moduli
of bounded degree. We then investigate more losely the behaviour of the eld of moduli, by taking
advantage of some reent developments on the study of (semi-stable models of) overs between
urves. First of all, a result of S. Bekmann [3℄ (see also [5, 7, 18℄) implies that it is unramied
outside the primes whih are less than or equal to half the order of the (dihedral) monodromy
group. In 5 we study the ase of dihedral monodromy of order 2p, where p is an odd prime
number. Fist of all, we show that in this ase the eld of moduli is eetively ramied at the
2000 Mathematis Subjet Classiation.  11G30, 14G05, 14G25, 14H25, 14H30, 14H51.
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primes lying above p (by giving a lower bound for their ramiation index). We then prove that
the ellipti urve whih is naturally attahed to the operator always has potentially good redution
at these primes and we give a supersigularity riterion for the redued urve. The rst of these
last results follow from [19℄ but it an also easily be dedued from [18℄, while the last riterion
need a more aurate investigation on the ation of the Cartier operator (whih is done in [21℄).
Finally, we show that the ellipti urve admits a smooth model at a prime p of the eld of moduli
lying above p if and only if the ramiation index of p is large enough. We then illustrate the
results with the desription of the Lamé operators with dihedral projetive monodromy of order
14.
This paper is the result of a work whih is still in progress: for example, it is now possible to
ompletely determine the ramiation index of the primes in the eld of moduli lying above p (in
the ase of dihedral monodromy of order 2p); these results being not yet published, we deided
not to inlude them.
I would like to thank the organizers and the partiipants of the Seondo onvegno italiano di
teoria di Numeri, yeld in Parma during the month of November 2003. A speial thank goes to
A. Zaagnini for his welome and his loal organization and to R. Liµanu for the instrutive
disussions and omments on the subjet.
1. Lamé operators and their elds of moduli
A Lamé operator is a seond order dierential operator on the projetive line dened by
Ln = Ln,g2,g3,B = D
2 +
f ′
2f
D − n(n+ 1)x+B
f
where D = d/dx, f(x) = 4x3 − g2x − g3 ∈ C[x] with ∆ = g32 − 27g23 6= 0 and B ∈ C. Let
E be the ellipti urve dened by the ane equation y2 = f(x), denote by 0E its origin (the
point at innity) and by σ the anonial involution σ(x, y) = (x,−y). We say that the operator
Ln is assoiated to E and that B is the aessory parameter. Two Lamé operators Ln,g2,g3,B
and Ln,g′2,g′3,B′ are equivalent (or salar equivalent, following [4℄) if there exists u ∈ C∗ suh that
g′2 = u
2g2, g
′
3 = u
3g3 and B
′ = uB. In This paper, we are mainly onerned with the ase n = 1
but many results an be arried over to the general ase.
Lemma 1.  There is a natural bijetion between the equivalene lasses of Lamé operators L1
and the isomorphism lasses of pairs (E,P ) where E is an ellipti urve and P 6= 0E is a point
on it.
Proof.  Given a pair (E,P ), we may suppose (sine we are working up to isomorphism) that E
is given by a Weierstrass model y2 = 4x3 − g2x − g3; we then assoiate to it the Lamé operator
L1,g2,g3,x(P ). Conversely, given L1 = L1,g2,g3,B, we onsider the pair (E,P ) where E is the ellipti
urve assoiated to L1 and P is one of the two points of E for whih x(P ) = B. One easily heks
that equivalent Lamé operators orrespond to isomorphi pairs and vie-versa.
The eld Q(g2, g3, B) is the eld of denition of the operator L1, its eld of moduli K is the
intersetion of the elds of denition of all the Lamé operators equivalent to it; it ontains the
eld Q(j), where j = 1728g32/∆ is the absolute modular invariant assoiated to the ellipti urve
and one an easily prove that K is a atually a eld of denition. More expliitely, we nd
K = Q(j, j1, j2, j3), where we have set j1 = B
4g2/∆, j2 = B
2g22/∆ and j3 = B
3g3/∆. It is
possible to dene the eld of moduli of a pair (E,P ) whih oinides with the eld of moduli of
the orresponding Lamé operator (following Lemma 1).
Remark 2.  The above Lemma asserts that equivalene lasses of Lamé operators bijetively
orresponds to the C-rational points of the moduli spaeM1,2 (the marked point 0E is impliitely
given in the denition of E). The eld of moduli of an operator is just the eld of denition of
the orresponding point.
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2. dihedral projetive monodromy and generalized Jaobians
Let E be an ellipti urve dened by a Weierstraÿ equation, as in 1. Reall that the generalized
Jaobian Jm assoiated to the modulusm = 2[0E] is the quotient of the group of degree zero divisors
of E whih are prime to 0E with respet to the group of prinipal divisors of the type D = (t)
with t regular at 0E and v0E (dt) ≥ 1 (we refer to [14℄ for a detailed exposition on this subjet).
In partiular, we have an exat sequene of algebrai groups
0→ Ga → Jm pi−→ E → 0
There is a natural map ϕ : E → Jm whih sends a point P to the equivalene lass of the divisor
[P ]− [σ(P )]. It is important to note that even if the omposition pi ◦ ϕ is the multipliation by 2
map, the morphism ϕ is not a homomorphism between algebrai groups. The following result is a
reformulation of the existene riterion in [2℄ for operators L1 with dihedral projetive monodromy
group. As usual, given a group G, we denote by G[n] its n-torsion subgroup.
Proposition 3.  Let E be an ellipti urve and P a point on it. The following onditions are
equivalent:
 The Lamé operator assoiated to the pair (E,P ) (f. Lemma 1) has dihedral projetive
monodromy of order 2N .
 The element ϕ(P ) has exat order N .
In partiular, if one of these ondition is fullled then P is a 2N -torsion point on E.
Proof.  We know from [2℄ that the operator L1 attahed to (E,P ) has dihedral projetive
monodromy of order 2N if and only if P ∈ E[2N ] \ E[2] satises the following onditions:
1. The point Q = 2P ∈ E[N ] has exat order N .
2. Setting D = [P ]− [σ(P )], we have ND = (t) with v0E (dt) ≥ 2.
In terms of generalized Jaobians, these two onditions an be restated by saying that D denes a
point of exat order N in Jn, with n = 3[0E]. For any P ∈ E[2N ], there exists a unique funtion t
for whih ND = (t) and t(0E) = 1. Sine σ
∗D = −D, we obtain σ∗t = 1/t. In partiular, setting
ω = dt/t, we have σ∗ω = −ω, so that, if z = x/y is the usual uniformizer at 0E , we get the formal
expansion
ω = (a0 + a2z
2 + a4z
4 + . . . )dz
The ondition v0E (dt) ≥ 2 an be restated as v0E (dt/t) ≥ 2 and the above expression implies that
it is equivalent to v0E (dt/t) ≥ 1, as desired.
Fix an element τ of the upper half plane orresponding to E, so that the ellipti urve is
isomorphi to the quotient C/Λ, where Λ = Z ⊕ τZ. Up to equivalene, we may suppose that
g2 = g2(τ) and that g3 = g3(τ). Let ζ(z) and η(z) be respetively the Weierstraÿ ζ-funtion and
the quasi-period funtion assoiated to τ (f. [16℄). The funtion
θ(z) = ζ(z)− η(z)
denes a non-holomorphi (but real analyti) map E → P1.
Proposition 4.  Setting K = Q(g2, g3), the funtion θ denes a map
E(C)tors \ E[2]→ K
Its zeroes orrespond to the Lamé operators L1 assoiated to E with dihedral projetive monodromy
group.
Proof.  Let Div0(E)′ denote the group of degree 0 divisors on E whih are prime to 0E and
onsider the map
Div0(E)′ → E ×Ga∑
i
ni[Pi] 7→
(∑
i
niPi,
∑
i
niθ(Pi)
)
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By endowing E×Ga with its natural struture of group, the above map is in fat a homomorphism
and the general properties of ellipti funtions imply that its kernel is preisely the group of
prinipal divisors D = (t) with t ∈ 1+m2, so that we obtain a real analyti (but not holomorphi,
nor algebrai) isomorphism Jm ∼= E ×Ga. We know from Proposition 3 that an operator L1 with
dihedral projetive monodromy group orresponds to a point P ∈ E(C)tors \E[2] suh that ϕ(P )
is a torsion point of Jm. By identifying Jm with E × Ga, we nd ϕ(P ) = (2P, 2θ(P )) and thus
ϕ(P ) ∈ Jm,tors if and only if θ(P ) = 0. The fat that θ(P ) belongs to K for any torsion point P
of E is proved in [1℄ or in [11℄.
3. Grothendiek's dessins d'enfants
Considered as a purely ombinatorial objet, a dessin d'enfant (litterally, a hild's drawing) is
an abstrat (onneted) graph endowed with two extra strutures: a yli ordering of the edges
meeting at a same vertex and a bipartite struture on the set of its verties, i.e. a distintion
between blak and white verties in suh a way that the two ends of any edge never have the same
olor. Following the ideas exposed by A. Grothendiek in his Esquisse d'un programme [8℄,
these objets lassify the isomorphism lasses of overs of the projetive line (over C) whih are
unramied outside the points ∞, 0 and 1. This orrespondene is obtained via the topologial
theory of the fundamental group. The degree of a dessin d'enfant is the number of its edges, whih
oinides with the degree of an assoiated over.
A rigidity riterion of A. Weil [17℄ asserts that eah isomorphism lass of étale overs of P∗ =
P1C \ {∞, 0, 1} has a representative dened over Q, on whih the absolute Galois group GQ =
Gal(Q/Q) ats in a natural way. Suh an ation is ompatible with the notion of isomorphism
and indues a Galois ation on the set of dessins d'enfants whih translates the ation of GQ on
the algebrai fundamental group of P∗. It is then possible to introdue the eld of denition
(usually alled eld of moduli) of a dessin d'enfant, whih in most of the ases is the smallest eld
of denition for the assoiated overs. Its degree is just the number of Galois onjugates of the
dessins d'enfant.
In the following, we all tree a dessin d'enfant with no losed loops. It orresponds to an
isomorphism lass of overs P1C → P1C totally ramied above the point ∞ and one an easily
prove that its eld of moduli is in fat a eld of denition. In this paper, we are onerned
with the following partiular lass of trees: given three positive integers a, b and c, we denote
by [a, b, c] the only tree of degree N = a + b + c having one entral blak vertex of valeny
3 and three branhes made of a, b and c edges respetively (turning around the entral vertex
ounterlokwisely, see the following gure). We learly have [a, b, c] = [b, c, a] = [c, a, b]. The
signature of the tree [a, b, c] is the number of its blak verties of valeny 1, its order is the integer
N/ gcd(a, c, b). We say that the tree is primitive if its degree is equal to its order.
(a)
(b)
(c)
Figure 1. The tree [a, b, c]
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The degree and the signature are learly Galois invariants. The fat that the order is also
invariant under the ation of GQ is less trivial, see for example [13℄ or [19℄. One an moreover
easily hek that the omplex onjugation sends the tree T = [a, b, c] to the tree [a, c, b], so that T
is dened over R if and only if at least two of the integers a, b and c are equal.
Theorem 5.  For any positive integer N , there is a one-to-one orrespondene between the set
of equivalene lasses of Lamé operators L1 with dihedral projetive monodromy group of order 2N
and the set of primitive trees [a, b, c] with a+ b+ c = N . Moreover, the eld of moduli of suh an
operator oinides with the eld of moduli of the orresponding tree.
Proof.  We know from Lemma 1 and Proposition 3 that an equivalene lass of Lamé operators
L1 with dihedral projetive monodromy of order 2N orresponds to an isomorphism lass of pairs
(E,P ) satisfying the seond ondition of Proposition 3, their eld of moduli being the same. Now,
the results in [19℄ assert that there is a one-to-one orrespondene between the set of isomorphism
lasses of suh pairs and the primitive trees [a, b, c] of degree N ; one again the elds of moduli
oinide.
From a pratial and expliit point of view, the orrespondene of Theorem 5 an be obtained as
follows: onsider a primitive tree [a, b, c] of degree N and let β : P1 → P1 be a model assoiated to
it. Sine the over is totally ramied above∞, we may assume that it is indued by a polynomial
β(x) ∈ C[x]. Let S ⊂ P1(C) be the set of elements of β−1({0, 1}) with odd ramiation index
(the enter and the three ends of the tree, f. Figure 1). The ellipti urve E is realized as
the unique (up to isomorphism) double over pi : E → P1 having S as branh lous. Its origin
0E is, by denition, the preimage under pi of the enter of the tree and, more generally, we nd
E[2] = pi−1(S). As before, we denote by σ the anonial involution of E. Sine∞ does not belong
to S, we have pi−1(∞) = {P, σ(P )} and one heks that P (or σ(P )) satises the seond ondition
of Proposition 3. Conversely, let L1 = L1,g2,g3,B be a Lamé operator with dihedral projetive
monodromy of order 2N and x an element P suh that B = x(P ), so that it satises the seond
ondition of Proposition 3. Let t be the unique funtion suh that (t) = N [P ] − N [σ(P )] and
v0E (t − 1) = 3. The indued over E → P1 is unramied outside ∞, 0 and 1. Sine σ∗t = t−1,
we dedue that the rational funtion β0 = −(t− 1)2/4t is invariant under σ and thus, we obtain
a ommutative diagram
E
t
//
pi

β0
!!B
B
B
B
B
B
B
B
P1
−
(x−1)2
4x

P1
β
// P1
It then follows from Abhyankar's Lemma that the over β is unramied outside the set {∞, 0, 1}
and that it is a model for a primitive tree [a, b, c] of degree N . For further details, see [19℄.
Corollary 6.  For any positive integer N , there are nitely many equivalene lasses of Lamé
operators L1 with dihedral projetive monodromy of order 2N .
Proof.  This follows from the fat that there exists nitely many primitives trees [a, b, c] with
a+ b+ c = N .
Corollary 7.  The eld of moduli of a Lamé operator L1 with dihedral projetive monodromy
group is a number eld. In partiular, there is a natural ation of Gal(Q/Q) on the set of equiv-
alene lasses of suh operators.
Proof.  Indeed, the eld of moduli of any dessin d'enfant is a number eld. The Galois ation
on the equivalene lasses follows from the Galois ation on trees.
The orrespondene of Theorem 5 an be generalized to all Lamé operators with nite mon-
odromy, allowing a diret enumeration of them. This strategy was suesfully adopted by R.
Liµanu in [9, 10℄, see also the reent work of S. Dahmen [6℄.
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4. Some general properties of the eld of moduli
As we have seen in Corollary 6, up to equivalene, there exists nitely many Lamé operators
L1 with xed dihedral projetive monodromy. We start this setion by giving a similar niteness
result in terms fo the degree of the eld of moduli.
Proposition 8.  For any positive integer d, there exist nitely many equivalene lasses of
Lamé operators L1 with dihedral projetive monodromy having a eld of moduli of degree less than
or equal to d.
Proof.  We know from a theorem of Merel [12℄ that there exists a onstant C = C(d) only
depending on the integer d suh that for any number eld K of degree less than or equal to d and
for any ellipti urve E dened over K, the ardinality of E(K)tors is bounded by C. Suppose
now that L1 is an operator with dihedral projetive monodromy of order 2N and that its eld of
moduli K has degree less than or equal to d. Up to equivalene, we an suppose that the urve E
and the element B = x(P ) are dened over K. In partiular, the point P is dened over a number
eld of degree d′ ≤ 2d and the same holds for the point Q = 2P , whih has exat order N (f. the
proof of Proposition 3). This implies that the integer N is bounded by a onstant only depending
on d and the proposition follows from Corollary 6.
Reall that an ellipti urve dened over a number eld K has potentially good redution at a
prime p of OK if its j-invariant belongs to the loalization of OK at p. This means that there
exists a nite extension L/K and a model of E over OL whih has good redution at any prime q
lying above p. An ellipti urve dened over a perfet eld k of harateristi p > 0 is ordinary if
its full p-torsion subgroup is non-trivial (and thus yli of order p), otherwise it is supersingular.
The ordinarity of the urve only depends on its j-invariant (f. [15℄). We say that an ellipti urve
E dened over K has potentially ordinary redution (resp. potentially supersingular redution)
at p if it has potentially good redution at p and if there exists an integral model (dened over
the ring of integers of a nite extension of K) of the urve with ordinary (resp. supersingular)
redution at a prime above p. These notions only depend on the image of the j-invariant of E in
the residue eld of p and not on the given model. With a slight abuse of language, the urve has
good (ordinary or supersingular) redution at p if there exists a model E /OK of E whih has good
(ordinary or supersingular) redution at p(1).
Proposition 9.  Let p be a prime of the eld of moduli K of a Lamé operator L1 with dihedral
projetive monodromy of order 2N and denote by p its residual harateristi. If p > N then the
extension K/Q is unramied at p and the urve E has good redution at p.
Proof.  First of all, after ompletion, we an redue to the ase where K is a p-adi eld. We
denote by R its ring of integers and by k = R/p its residue eld. Suppose that L1 orresponds to
a pair (E,P ) and let t ∈ K(E) be the assoiated rational funtion (f. the proof of Proposition 3).
The indued over t : E → P1K is of degree N and unramied outside ∞, 0 and 1. Its monodromy
group an be realized as a subgroup of the symetri group SN and sine p > N , we dedue that
its order if prime to p. In this ase, the results of [3℄ (see also [5, 7, 18℄) assert that the over has
good redution at p, i.e. that there exists a smooth R-model ER → P1R of the over t and from
this we lassially dedue that the eld of moduli is unramied at p (f. lo. it.).
Remark 10.  For general n ∈ Z, the same arguments show that the eld of moduli of a Lamé
operator Ln with dihedral projetive monodromy of order 2N is unramied outside the primes
whih are less than or equal to nN .
(1)
By model, we mean a proper at sheme E over OK for whih the generi ber is only Q-isomorphi to E and
not K-isomorphi, as it is usually the ase.
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5. The ase of dihedral projetive monodromy of order 2p
We now restrit to the ase of Lamé operators L1 with dihedral projetive monodromy of order
2p, where p is an odd prime number (we already know from [2℄ that the ase p = 2 is impossible,
this also follows from Theorem 5, sine a primitive tree [a, b, c] has degree at least 3). Remark that
the identity a+ b+ c = p is suient for ensuring that the tree [a, b, c] is primitive. Moreover, its
signature is equal either to 0 or to 2. In partiular, by using the orrespondene of Theorem 5, one
an easily show that for p > 3 there are exatly (p−1)(p−2)/6 equivalene lasses of suh operators;
(p2 − 1)/24 of them orrespond to trees with signature 0 while the remaining (p− 1)(p− 3)/8 are
assoiated to trees with signature 2. The rst result of this setion gives a lower bound for the
ramiation index of a prime in the eld of moduli lying above p.
Theorem 11.  Let L1 be a Lamé operator with dihedral projetive monodromy of order 2p, with
p > 3 prime. Fix a prime p|p of its eld of moduli K, denote by ep its absolute ramiation index
and set
e =
p+ 1− s
gcd(p+ 1− s, 4(3− s))
where s is the signature of the tree assoiated to L1. Then the integer e divides ep.
Proof.  The results in [20℄ assert that, given a tree of prime degree p, the integer ep is a multiple
of an integer only depending on the ramiation data, whih, in this ase, oinides with e.
The following table gives the possible values of e depending on the residue lass of p modulo
12 and on the signature of the tree assoiated to the Lamé operator.
p mod 12 Signature e
1, 9 0 p+12
1, 5, 9 2 p−14
3, 7 0 p+14
3, 7, 11 2 p−12
5 0 p+16
11 0 p+112
We now investigate the redution behaviour of the urve E.
Theorem 12.  The assumptions and notation being as in Theorem 11, the urve E always has
potentially good redution at p. Moreover, if P ∈ E[2p] \ E[2] denotes the point assoiated to L1
(f. 1), the following onditions are equivalent:
1. The urve E has potenitally supersingular redution at p.
2. The assoiated tree has signature 0.
3. The point P has order p.
4. The (full) monodromy of L1 oinides with its projetive monodromy.
Proof.  As in the proof of Proposition 9, we may assume that K is a p-adi eld. Fix a model
β : P1 → P1 assoiated to the tree orresponding to L1 and dened over K. The theorem is
proved by investigation of the stable model of the over β. The results in [21℄ (whih generalize,
in an arithmeti-geometri setting, the earlier works in [20℄) asserts that the (speial ber of
the) minimal semi-stable model of β whih separates the elements of the ramied bers an be
desribed as shown in Figure 2.
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P1P1 P1 P1 P1 P1
8
0 1β
8
Figure 2. Semi-stable model for β
More preisely, if P0 ∈ P1(Q) orresponds the enter of the tree and if P1, P2 and P3 are the
points assoiated to its ends then we nd the following two possibilities: rst of all, if the tree has
signature 0 then P0 lies in the ber of β above 0 while P1, P2 and P3 are mapped to 1. This is the
ase desribed in Figure 3.
P1P1 P1 P1 P1 P1
P0
P1
P2
P3 8
0 1β
8
Figure 3. Semi-stable model in the ase of signature 0
Finally, if the tree has signature 2 then, up to a permutation of the points P1, P2, P3, we an
assume that β(P0) = β(P1) = β(P2) = 0 and β(P3) = 1 and Figure 4 desribes the behaviour of
the speial ber of the orresponding semi-stable model.
P1P1 P1 P1 P1 P1
P0
P1
P2
P3
8
0 1β
8
Figure 4. Semi-stable model in the ase of signature 2
In both ases, we see that the points P0, P1, P2, P3 have (potentially) good redution and sine
the urve E is realized, up to isomorphism, as the double over of the projetive line ramied at
these four points (f. 3), we dedue that it has potentially good redution. This proves the rst
part of the theorem. The above desription for the semi-stable model of β allows to dedue the
semi-stable model for the over assoiated to the funtion t in the proof of Proposition 3 (see the
ommutative diagram in 3). Skipping the details, if the signature of the tree is equal to 0 then,
in suh a model, the redued urve E appears as a degree p over of the projetive line uniquely
(and wildly) ramied above one point and the results in [22℄ assert that E is supersingular. If
the signature is equal to 2 then the urve E is realized as a degree p over of the projetive line
unramied outside two points, wildly ramied above one of them and tamely ramied above the
other with a unique (eetively) ramied point over it, with ramiation index 3 and we an easily
dedue from the results in lo. it. that E is ordinary. This shows the equivalene between the
onditions 1 and 2 of the theorem. The equivalene of the onditions 2 and 3 is a restatement of
the porposition in 2.3 of [19℄. Finally, an expliit expression of the solutions of the Lamé equation
given in [4℄ shows that the order of the full monordomy group is the order of the point P .
Remark 13.  The potentially good redution of the ellipti urve E an be easily dedued
from S. Wewers' results in [18℄ whih allow to diretly determine the semi-stable model of the
over t assoiated to the torsion point P (f. 2,3) without reduing to the genus zero ase. The
supersingularity riterion follows from a more detailed study of the ation of the Cartier operator
on the dierential forms on E having only one pole.
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Corollary 14.  The potential supersingularity of the redution of the urve E at p is indepen-
dent of the prime p of K lying above p.
Proof.  Immediate, sine the prime p does not appear in the onditions 2 and 3 in Theorem 12.
We know that, up to a nite extension of the eld of moduli L/K, the urve E has good
redution at any prime p|p of L. On the other hand, it also admits a model over K, for whih
the good redution at p is not ensured. The following result gives some furhter informations and
relates the behaviour of the redution to the ramiation index ep at p.
Proposition 15.  Let L1 be a Lamé operator with dihedral projetive monodromy of order 2p
assoiated to an ellipti urve E with invariant j. Set m = 2ns, where s is the signature of the
orrespnding tree and n = 3, 2 if j = 0, 1728 and n = 1 otherwise. Let p be a prime of the eld of
moduli K lying above p. The following onditions are equivalent:
 The urve E has good redution at p.
 The integer (p+ 1− s)/m divides ep.
Proof.  As usual, we may suppose that K is a p-adi eld with ring of integers R. We moreover
x an algebrai losureK ofK. Let | |p be the p-adi norm, normalized by the ondition |p|p = p−1
and (uniquely) extended to the whole K. Let also vp be the assoiated valuation, with vp(p) = ep.
Suppose that the signature of the orresponding tree is 0 and that j 6= 0, 1728. We know from [19℄
that there exists a polynomial model β : P1K → P1K of it, whih an be written as
β(x) = x3g(x)2 = 1 + f(x)h(x)2
with f, g, h ∈ R[x], f moni of degree 3 and g, h of degree (p− 3)/2 (we moreover assume that the
leading oeients of f and g are R-units). The point x = 0 orresponds to the enter of the tree
while the roots of f are its ends. The main result in lo. it. asserts that, for any two distint
roots x1, x2 ∈ K of β − 1, we have
|x1|p = |x2|p = 0 and |x1 − x2|p = p−
2
p+1
In partiular, this holds for the roots x1, x2, x3 of f . The urve E is obtained as double over of
the projetive line ramied at the points 0, x1, x2, x3. We an replae these four points by their
image under the ation of an element τ of PGL2(K), the resulting ellitpi urve will be isomorphi
to E; taking τ = 1/z we obtain the elements ∞, y1, y2, y3, where we have set yi = τ(xi). The
urve E is then given by the ane Weierstraÿ equation
y2 = f1(x) = (x − y1)(x− y2)(x − y3)
By onstrution, we have |yi|p = 0 and |yi − yj |p = p−
2
p+1
for i 6= j. This implies that the
disriminant ∆ of f1 satises the identity
|∆|p = p−
12
p+1
whih an be rewritten as vp(∆) = 12ep/(p+1). Now, we know from [15℄ (see also [16℄) that there
exists a smooth R-model of E if and only if vp(∆) ≡ 0 (mod 6)(2). This last identity is equivalent
to ep ≡ 0 (mod p+12 ), as desired. The ase of signature 2, as the ases j = 0 and j = 1728 are
treated similarly.
Example 16.  We lose the paper with the desription of the equivalene lasses of Lamé oper-
ators with dihedral projetive monodromy group of order 14. There are 5 of them, orresponding
to the trees [1, 1, 5], [1, 3, 3] (signature 0, both of them are dened over R), [1, 2, 4], [1, 4, 2] and
[2, 2, 3] (signature 2, only the last is dened over R). In the ase of signature 0, Theorem 11
asserts that the ramiation index of any prime above 7 in the eld of moduli is divisible by
8/ gcd(8, 12) = 2. Sine there are exatly two suh trees and sine they are not dened over Q, we
dedue that they are Galois onjugates and that the eld of moduli K is totally ramied above
(2)
Reall that we are onerned with K-isomorphism lasses of ellipti urves and not with K-isomorphism lasses.
That's why we onsider the valuation of the disriminant modulo 6 instead of 12, allowing quadrati twists of E.
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7 (a diret alulation gives K = Q(
√
21)). In this ase, we obtain (p + 1 − s)/2 = 4 and thus
Theorem 12 implies that the assoiated ellipti urves don't have good redution at the prime
of K lying above 7. Nevertheless, they admit a Weierstraÿ model over K with disriminant of
valuation 3 (f. the proof of Theorem 12) and Tate's algorithm [16℄ asserts that the orresponding
Néron models are of type III. Remark that there may also exist models with disiminant 9 having
Néron models of type III
∗
, but they are obtained as twists of the previous ones. Let's now study
the ase of signature 2: the ramiation index of any prime above 7 is divisible by 6/ gcd(6, 4) = 3
and thus, sine there are three trees of this type, we dedue that they form a unique Galois orbit
and that their eld of moduli are totally ramied above 7. Finally, we have (p+1− s)/2 = 3 and
thus the urves have good redution at the unique prime above 7. Remark that, one again, some
twists may have bad redution, with Néron model of type I
∗
0.
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